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ON TWISTED EXTERIOR AND SYMMETRIC SQUARE
γ-FACTORS
RADHIKA GANAPATHY AND LUIS LOMELI´
Abstract. We establish the existence and uniqueness of twisted exterior and
symmetric square γ-factors in positive characteristic by studying the Siegel Levi
case of generalized spinor groups. The corresponding theory in characteristic
zero is due to Shahidi. In addition, in characteristic p we prove that these twisted
local factors are compatible with the local Langlands correspondence. As a con-
sequence, still in characteristic p, we obtain a proof of the stability property of
γ-factors under twists by highly ramified characters. Next we use the results on
the compatibility of the Langlands-Shahidi local coefficients with the Deligne-
Kazhdan theory over close local fields to show that the twisted symmetric and
exterior square γ-factors, L-functions and ε-factors are preserved over close local
fields. Furthermore, we obtain a formula for Plancherel measures in terms of local
factors and we also show that they also preserved over close local fields.
1. Introduction
We make a thorough study of the induction step of the Langlands-Shahidi method
for the generalized spinor groups in positive characteristic, namely the case of a
Siegel parabolic. Based on the results of Henniart-Lomel´ı [18] and the study of the
Langlands-Shahidi method over function fields begun in [29], we prove the existence
and uniqueness of twisted exterior and symmetric square γ-factors, L-functions and
root numbers in positive characteristic. The theory in characteristic zero is entirely
due to Shahidi [34, 35]. We then use the local-to-global technique of [18] to prove
that our local twisted factors in positive characteristic are compatible with the
local Langlands correspondence for GLn. Combining this with the results of [10],
we obtain an imporant stability property of the twisted symmetric and exterior
square γ-factors under twists by highly ramified characters. Next we use the results
of [12] on the compatibility of the Langlands-Shahidi local coefficients with the
Deligne-Kazhdan theory to deduce that these twisted local factors are compatible
with Kazhdan isomorphism [22, 21, 27, 12] over sufficiently close local fields. The
compatibility of the Artin factors with the Deligne isomorphism over close local
fields is due to Deligne [9]. We finally express the Plancherel measures as a product
of γ-factors and deduce that they are also preserved over sufficiently close local
fields.
In order to be more precise, we introduce classes L and G where twisted local
factors are defined. We let L be the class whose objects are quadruples (F, π, η, ψ)
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consisting of: a non-archimedean local field F , a smooth irreducible representation π
of GLn(F ); a multiplicative character η of F
×; and, a non-trivial additive character
ψ of F . Similarly, we let G be the class of quadruples (F, σ, η, ψ), where σ is now a
complex n-dimensional Frob-semisimple Weil-Deligne representation. Furthermore,
given a prime p, we denote by L(p) and G(p) the subclasses of L and G having
char(F ) = p.
We let LLC : L → G be the morphism that to each (F, π, η, ψ) ∈ L assigns
a quadruple (F, σ, η, ψ) ∈ G with σ obtained from π via the local Langlands corre-
spondence for GLn(F ) [14, 15, 26] and we view η as a character ofWF via local class
field theory. Let r0 be either Sym
2 or ∧2 and let γ(s, π, r0⊠η, ψ) denote the twisted
exterior or symmetric square γ-factor. On the Galois side, γ(s, r0(σ)⊗ η, ψ) will be
the Galois γ-factor defined by Langlands and Deligne [36]. Restricting ourselves to
positive characteristic, in Theorem 4.3 we prove that the morphism
L(p)
LLC
−−−−→ G(p)
preserves twisted exterior and symmetric square local factors. In particular, we have
γ(s, π, r0 ⊠ η, ψ) = γ(s, r0(σ)⊗ η, ψ). (1.1)
We remark that, for non-archimedean local fields of characteristic 0, Henniart proved
that the above equality holds up to a root of unity in [17]. It is the aim of current
work of Cogdell, Shahidi and Tsai [6], still in characteristic 0, to prove the Equal-
ity (1.1).
An imporant consequence of Equation (1.1) is a stability property of γ-factors
under twists by highly ramified characters; indeed, let (F, πi, η, ψ) ∈ L(p), i = 1,
2, be such that their central characters ωpii are equal and η is sufficiently ramified.
Then, Proposition 5.2.1 states that
γ(s, π1, r0 ⊠ η, ψ) = γ(s, π2, r0 ⊠ η, ψ). (1.2)
We remark that, in the case of non-archimedean local fields of characteristic 0,
Cogdell, Shahidi and Tsai work directly with the Langlands-Shahidi local coeffi-
cient and its connection to Bessel models in [6]. They directly prove the above
stability property of γ-factors, and from Equation (1.2) they are able to establish
Equation (1.1), contrary to our proof in the characteristic p case.
Having a solid theory of twisted local factors over non-archimedean local fields in
hand, now including the case of characteristic p, allows us incorporate the results
of [13, 12] on the compatibility of the Langlands-Shahidi local coefficients with
the Deligne-Kazhdan correspondence [9, 22] on the representation theory over close
local fields. Recall that two non-archimedean local fields F and F ′ are m-close
if OF /p
m
F
∼= OF ′/p
m
F ′ . For example, the fields Fp((t)) and Qp(p
1/m) are m-close.
More generally, a local field of positive characteristic can be approximated with
non-archimedean local fields of characteristic 0. In [9], Deligne proved that when
the fields F and F ′ are m-close, the absolute Galois groups of F and F ′ modulo
their respective m-th higher ramification subgroups with upper numbering become
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isomorphic, thereby giving a bijection
{σ : WDF → GLn(C)|depth(σ) < m} ↔ {σ
′ : WDF ′ → GLn(C)|depth(σ
′) < m}.
(1.3)
Now, let Gm be the subclass of G consisting of quadruples (F, σ, η, ψ) with depth(σ) <
m and depth(η) < m. We say that that the quadruple (F, σ, η, ψ) ∈ Gm is Delm-
associated to (F ′, σ′, η′, ψ′) if: F and F ′ are m-close, σ ↔ σ′ and η ↔ η′ via
Equation (1.3), and ψ is compatible with ψ′ (see Definition 6.1.1). A consequence
of Proposition 3.7.1 of [9] is that for each pair of quadruples
(F, σ, η, ψ)
Delm -associated←−−−−−−−−−→ (F ′, σ′, η′, ψ′)
one has
γ(s, (r0 ◦ σ)⊗ η, ψ) = γ(s, (r0 ◦ σ
′)⊗ η′, ψ′). (1.4)
The above equality also holds true for the Artin L-functions and ǫ-factors.
For split reductive groups G/Z, the Hecke algebra isomorphism over close local
fields due to Kazhdan [22] (its variant can be found in [21, 27] for GLn and [12] for
any split reductive group) gives a bijection between
{Irreducible admissible repns. π of G(F ) | depth(π) < m} (1.5)
κm←→ {Irreducible admissible repns. π′ of G(F ′) | depth(π′) < m}
when the fields F and F ′ are (m+1)-close. In [12], it was shown that when the fields
F and F ′ are sufficiently close, the Langlands-Shahidi local coefficients are preserved
for generic representations of Levi subgroups that correspond via Equation (1.5).
We apply this result to deduce the analogue of Equation (1.4) on the analytic side
for our twisted γ-factors (and also L-functions and root numbers).
More precisely, given m ≥ 1, let Lm be the subclass of L whose objects consist
of quadruples (F, π, η, ψ) with depth(π) < m and depth(η) < m. For l ≥ m + 1,
we say that the quadruple (F, π, η, ψ) ∈ Lm is Kazl-associated to (F
′, π′, η′, ψ′) if:
F and F ′ are l-close, π ↔ π′ and η ↔ η′ via κl of Equation 1.5, and ψ and ψ
′ are
compatible (See Definition 6.3.1). We deduce that there exists l = l(n,m) ≥ m+1,
depending only on n and m, such that for each pair of quadruples
(F, π, η, ψ)
Kazl -associated←−−−−−−−−→ (F ′, π′, η′, ψ′) (1.6)
one has
γ(s, π, r0 ⊠ η, ψ) = γ(s, π
′, r0 ⊠ η
′, ψ′).
In addition to the γ-factors, the twisted symmetric and exterior square L-functions
and root numbers are also preserved by this transfer (see Proposition 6.3.3).
Plancherel measures play an important role in the recent results on the local
Langlands correspondence for GSp4 [11, 12]. With respect to Plancherel measures
associated to representations of Siegel Levi subgroups of spinor groups, they can be
expressed in terms of γ-factors. This we do regardless of characteristic in Proposi-
tion 7.1.1, where we follow Shahidi [34], who completely covered the characteristic
zero case. We then deduce that for a pair of quadruples as in Equation (1.6), the
Plancherel measures are also equal (see Corollary 7.2.1).
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2. Generalized spinor groups
2.1. Special orthogonal groups. Given a commutative ring R with identity, let
q be the quadratic form on V = R2n defined by
q(x) =
n∑
i=1
xix2n+1−i, x ∈ R
2n.
Then O2n(R) =
{
g ∈ GL2n(R) | q(gx) = q(x),∀x ∈ R
2n
}
. LetDq : O2n(R)→ Z2(R)
be the Dickson invariant (see [23, 24]). Then, SO2n(R) is defined to be the kernel
of Dq.
In contrast to even special orthogonal groups, which require special attention in
characteristic two, odd special orthogonal groups SO2n+1 are defined via the usual
determinant. This gives a smooth connected group scheme regardless of character-
istic. We use the quadratic form
q(x) =
n∑
i=1
xix2n+2−i + x
2
n+1, x ∈ R
2n+1,
just as in sections 3.2–3.3 of [29].
2.2. Generalized spinor groups and their structure theory: With a quadratic
space (V, q) as above, the generalized spinor group GSpinm,m = 2n + 1 or 2n can
be realized as the central extension of SO(q) by Gm (Refer Appendix C of [7] for
details). This holds true regardless of characteristic. Note that GSpin1 ≃ GL1.
Let us recall the structure theory of split GSpin groups from [2]. From now on,
let G = GSpinm, m = 2n+ 1 or 2n, be the split connected reductive group over Z.
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Let
X := Ze0 ⊕ Ze1 ⊕ · · · ⊕ Zen,
X∨ := Ze∗0 ⊕ Ze
∗
1 ⊕ · · · ⊕ Ze
∗
n,
and let 〈 , 〉 denote the standard Z-pairing on X × X∨. Then the root datum of
GSpinm can be described as (X,Φ,X
∨,Φ∨), with Φ and Φ∨ generated, respectively,
by
∆ = {α1 = e1 − e2, . . . , αn−1 = en−1 − en, αn = en},
∆∨ = {α∨1 = e
∗
1 − e
∗
2, . . . , α
∨
n−1 = e
∗
n−1 − e
∗
n, α
∨
n = 2e
∗
n − e
∗
0},
when m = 2n + 1 and by
∆ = {α1 = e1 − e2, . . . , αn−1 = en−1 − en, αn = en−1 + en},
∆∨ = {α∨1 = e
∗
1 − e
∗
2, . . . , α
∨
n−1 = e
∗
n−1 − e
∗
n, α
∨
n = e
∗
n−1 + e
∗
n − e
∗
0},
when m = 2n. We fix a Chevalley basis {uα : Ga → Uα|α ∈ Φ} for G, where Uα
the root subgroup associated to α ∈ Φ. Let B = TU denote the Borel subgroup of
G that determines the positive roots Φ+ and ∆ described above. Let W denote the
Weyl group of G and let wl,∆ denote the longest element of W . For each w ∈ W
we fix a reduced expression for w and we always choose its representative w˜ using
the Chevalley basis fixed above. Note that this representative is independent of the
choice of reduced expression of w.
Let θ := ∆\{αn}. Then θ determines the standard Siegel Levi subgroup M ∼=
GLn×GL1 of G. Let Wθ denote the Weyl group of M and let wl,θ denote the
longest element of Wθ. Set w0 = wl,∆wl,θ. Note that w0Mw
−1
0 = M, that is, the
Siegel Levi subgroup is self-associate in G. Let P =MN be the standard parabolic
subgroup of G with N ⊂ U. Let X∗(M) denote the set of rational characters of M.
Let a∗ := X∗(M) ⊗Z R, a its dual, and a
∗
C its complexification. Let ρ denote the
half-sum of the roots that generate N and let α˜n = 〈ρ, α
∨
n〉
−1ρ.
Consider the adjoint action r of LM, the L-group of M, on the Lie algebra Ln,
the Lie algebra of the L-group of N. By Proposition 5.6 of [1], we know that
r =
{
Sym2⊠ sim−1 if G = GSpin2n+1
∧2 ⊠ sim−1 if G = GSpin2n
. (2.1)
The representations of Siegel Levi subgroups of split GSpin groups give rise to the
theory of twisted symmetric and exterior square γ-factors to be studied in this
article.
2.3. Given a non-archimedean local field F , let OF be its ring of integers, pF
its maximal ideal, qF the cardinality of its residue field, and ̟F a uniformizer.
When working over a fixed F , we sometimes drop the subscripts when there is no
possibility of confusion. Given a global field k and a non-archimedean valuation v
of k, we write Ov for the ring of integers of kv; and similarly for pv , qv and ̟v.
Given a representation τ , we let τ∨ denote its contragredient representation. For
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an algebraic group H defined over Z, we let H = H(F ). We then have G,B, T, U
and so on.
When the group is G = GLn, we write Bn = TnUn for the Borel subgroup of
upper triangular matrices with maximal torus Tn and unipotent radical Un. The
standard representation of GLn(C) is denoted by ρn.
2.4. Haar measures. Normalization of Haar measures is done in such a way that
the theory matches all the way to the basic semisimple rank 1 cases. In particular,
we have compatibility with Tate’s thesis. For this, we fix a non-archimedean local
field F and a non-trivial character ψ of F . We let µψ be the self dual Haar measure
corresponding to ψ. That is, µψ is chosen so that Fourier inversion holds (see for
example Equation (1.1) of [28]). The measure on the set of rational points N of
the unipotent radical of the Siegel parabolic subgroup P is obtained by taking a
product of measures µψ on each of the corresponding one parameter subgroups Uα.
Let I be the standard Iwahori subgroup of G (see § 4 of [12]). We then have
vol(N ∩ I, dn) = µψ(OF )
n(n±1)
2 ,
where we use + for odd spinor groups and we use − for even spinor groups.
2.5. Local coefficients. Let us briefly recall the theory of local coefficients and
Plancherel measures from [31, 34] in the context of the Siegel Levi subgroups de-
scribed above. Fix a non-trivial additive character ψ of F . Let χ be the generic
character of U defined by
χ =
∏
α∈∆
ψ ◦ u−1α .
Note that since the representatives of Weyl group elements are chosen using the
same Chevalley basis, the character χ is compatible with w˜0, that is,
χ(u) = χ(w˜0uw˜
−1
0 ) ∀ u ∈ U ∩M.
Let χM denote the restriction of χ to U ∩M . Let π be an irreducible, admissible,
generic representation of GLn(F ), η a character of F
× and consider π ⊠ η−1 as a
representation of M . Since the center of M is connected, we see that π ⊠ η−1 is
χM -generic. Let HM :M → a be defined by
q
〈ν,HM (m)〉
F = |ν(m)|F , m ∈M,ν ∈ a
∗.
For each s ∈ C, let
I(s, π ⊠ η−1) := indGP ((π ⊠ η
−1)⊠ q〈sα˜n+ρ,HM (−)〉)
denote the normalized parabolically induced representation. Then this induced rep-
resentation is χ-generic and let λχ(s, π ⊠ η
−1) be the Whittaker functional as in
Proposition 3.1 of [31]. Also let w0(π ⊠ η
−1) denote the representation of M given
by w0(π ⊠ η
−1)(m) = (π ⊠ η−1)(w˜0mw˜
−1
0 ) and let
A(s, π ⊠ η−1, w˜0) : I(s, π ⊠ η
−1)→ I(−s,w0(π ⊠ η
−1))
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denote the standard intertwining operator as in [31]. The local coefficient Cχ(s, π⊠
η−1, w˜0) arises from the uniqueness of the Whittaker models of the induced repre-
sentations, that is, it satisfies the equation
λχ(s, π ⊠ η
−1) = Cχ(s, π ⊠ η
−1, w˜0)λχ(−s,w0(π ⊠ η
−1)) ◦A(s, π ⊠ η−1, w˜0). (2.2)
This local coefficient is a meromorphic function of s and, in fact, is a rational function
of q−s. It gives rise to the theory of twisted symmetric and exterior square L- and
ǫ-factors in the Langlands-Shahidi method, to be studied in the next section.
Unlike the local coefficient and the theory of γ-factors in the Langlands-Shahidi
method that is available only for generic representations, the Plancherel measure
is defined for any irreducible, admissble representation of M . The Plancherel mea-
sure can be viewed as a coarser invariant than the γ-factor, in the sense that when
the representation is additionally generic, Shahidi proved in characteristic 0 that
the Plancherel measure can be expressed as a certain product of local γ-factors.
The quantity played an important role in the Gan-Takeda characterization [11] of
the local Langlands correspondence for non-generic supercuspidal representations
of GSp4(F ) where F is a non-archimedean local field of characteristic 0 and conse-
quently also appeared as part of the corresponding result over local function fields
in [12].
Let us briefly recall the definition of the Plancherel measure. Let
γw0(G/P ) =
∫
N¯
q
〈2ρ,HM (n¯)〉
F dn¯,
where dn¯ is the Haar measure fixed in 2.4, HM is defined on M as above and
extended to a function on G by letting HM(mnk) = HM (m),m ∈ M,n ∈ N and
k ∈ G(O) (cf. Section 2 of [34]). There exists a constant µ(s, π ⊠ η−1, w0) which
depends only on s, the class of σ and on w0, but not on the choice w˜0, such that
A(s, π⊠ η−1, w˜0) ◦A(−s,w0(π⊠ η
−1), w˜−10 ) = µ(s, π⊠ η
−1, w0)
−1γw0(G/P )
2 (2.3)
The scalar µ(s, π⊠η−1, w0) is a meromorphic function of s and is called the Plancherel
measure associated to s, π ⊠ η−1 and w0.
3. Twisted exterior square and symmetric square factors
We now work with the Langlands-Shahidi method for generalized spin groups.
In particular, we study the case of a Siegel parabolic to obtain twisted exterior
and symmetric square γ-factors. In characteristic zero, the theory is due to Shahidi
[34, 35]. In Theorem 3.1.1 below, which addresses the characteristic p case, we extend
the results of [18] on exterior and symmetric square γ-factors. The existence part
is possible via the results of [29] over function fields and the uniqueness argument
is due to Henniart-Lomel´ı, thanks to the local-global technique for GLn found in
[18, 20].
3.1. Theory of γ-factors. Let L be the class whose objects are quadruples (F, π, η, ψ)
consisting of: a non-archimedean local field F , a smooth irreducible representation π
of GLn(F ); a multiplicative character η of F
×; and, a non-trivial additive character
ψ of F . We call a quadruple (F, π, η, ψ) ∈ L generic (resp. supercuspidal, tempered,
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spherical) when the representation π of GLn(F ) is generic (resp. supercuspidal,
tempered, spherical); we say (F, π, η, ψ) is of degree n. When F is of characteristic
p > 0, we write L(p) to denote the subclass of L consisting of quadruples (F, π, η, ψ)
with char(F ) = p.
Let LS be the class of quintuples (k, π, η, ψ, S) consisting of: a global field k;
a cuspidal automorphic representation π = ⊗πv of GLn(Ak); a Gro¨ssencharakter
η = ⊗ηv of A
×
k ; a non-trivial character ψ = ⊗ψv of Ak/k; and, a finite set of places
of k such that πv, ηv and ψv are unramified for v /∈ S. We focus on the case of a
function field k with case char(k) = p, where we write LS(p).
Theorem 3.1.1. Let r0 be either Sym
2 or r = ∧2. There exists a rule γ on L(p)
that assigns a rational function γ(s, π, r0 ⊠ η, ψ) ∈ C(q
−s
F ) to every (F, π, η, ψ) ∈
L(p), which is uniquely characterized by the following properties:
(i) (Naturality). Let (F, π, η, ψ) ∈ L(p), and let ι : F ′ → F be an isomorphism
of locally compact fields. Let (F ′, π′, η′, ψ′) ∈ L(p) be the quadruple obtained
from (F, π, η, ψ) via ι. Then
γ(s, π, r0 ⊠ η, ψ) = γ(s, π
′, r0 ⊠ η
′, ψ′).
(ii) (Isomorphism). Let (F, π, η, ψ) ∈ L(p), and let (F, π′, η, ψ) ∈ L(p) be such
that π′ ≃ π. Then
γ(s, π′, r0 ⊠ η, ψ) = γ(s, π, r0 ⊠ η, ψ).
(iii) (Relation with Artin factors). Let (F, π, η, ψ) ∈ L(p) be spherical. Let σ be
the Weil-Deligne representation corresponding to π via the local Langlands
correspondence; and, identify η with a character of WF via local class field
theory. Then
γ(s, π, r0 ⊠ η, ψ) = ε(s, (r0 ◦ σ)⊗ η, ψ)
L(1 − s, (r0 ◦ σ
∨)⊗ η−1)
L(s, (r0 ◦ σ)⊗ η)
.
(iv) (Dependence on ψ). Let (F, π, η, ψ) ∈ L(p) be of degree n. Given a ∈ F×,
let ψa : F → C×, x 7→ ψ(ax). Then
γ(s, π, r0 ⊠ η, ψ
a) = ωpi(a)
n±1η(a)
n±1
2 |a|
n(n±1)
2
(s− 1
2
)
F γ(s, π, r0 ⊠ η, ψ),
where ωpi is the central character of π (we use + for Sym
2
⊠ η and − for
∧2 ⊠ η).
(v) (Multiplicativity). For i = 1, . . . , d, let (F, πi, η, ψ) ∈ L(p). Let π be an
irreducible subquotient of the representation of GLn(F ) parabolically induced
from π1 ⊠ · · · ⊠ πd. Assume that either: (a) π is generic, or (b) all of the
π′is are quasi-tempered and π is the Langlands quotient of the parabolically
induced representation. Then
γ(s, π, r0 ⊠ η, ψ) =
d∏
i=1
γ(s, πi, r0 ⊠ η, ψ)
∏
i<j
γ(s, πi × (πj · η), ψ),
where each γ(s, πi × (πj · η), ψ) is a Rankin-Selberg γ-factor.
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(vi) (Twists by unramified characters). Let (F, π, η, ψ) ∈ L(p), then
γ(s+ s0, π, r0 ⊠ η, ψ) = γ(s, |det(·)|
s0
2
F π, r0 ⊠ η, ψ).
(vii) (Global functional equation). Let (k, π, η, ψ, S) ∈ LS(p). Then
LS(s, π, r0 ⊠ η) =
∏
v∈S
γ(s, πv, r0 ⊠ ηv, ψv)L
S(1− s, π∨, r0 ⊠ η
−1).
Remark 3.1.2. Given (k, π, η, ψ, S) ∈ LS(p) and v /∈ S, the representation πv is of
the form
πv →֒ ind
GLn(kv)
Bn
(χ1,v ⊠ · · ·⊠ χn,v),
where χ1,v, . . . , χn,v are unramified characters of k
×
v . The corresponding spherical
local L-functions for v /∈ S are defined by
L(s, πv,Sym
2
⊠ ηv) =
∏
i≤j
1
1− χi,v(̟v)χj,v(̟v)ηv(̟v)q
−s
v
and
L(s, πv,∧
2
⊠ ηv) =
∏
i<j
1
1− χi,v(̟v)χj,v(̟v)ηv(̟v)q
−s
v
.
The partial L-functions appearing in the global functional equation are then given
by
LS(s, π, r0 ⊠ η) =
∏
v/∈S
L(s, πv, r0 ⊠ ηv).
3.2. L-functions and ε-factors. We now obtain a system of L-functions and
ε-factors from the system of γ-factors on L defined in § 3. First for tempered
(F, π, η, ψ) ∈ L and then in general via the Langlands parametrization and analytic
continuation. We focus on the case of characteristic p; all of the corresponding re-
sults when char(F ) = 0 are due to Shahidi [34]. We begin with the local functional
equation of γ-factors:
Corollary 3.2.1. (Local functional equation). Let (F, π, η, ψ) ∈ L(p), then
γ(s, π, r0 ⊠ η, ψ) γ(1 − s, π
∨, r0 ⊠ η
−1, ψ) = 1.
Proof. We can actually supply two independent proofs. The former uses the local-
global technique employed in the proof of Theorem 3.1, see the proof of Corrollary 2.4
of [20]. And the latter utilizes the transfer between local fields to import the local
functional equation from the characteristic zero case to the characteristic p case, see
[12]. 
We next recall the definition of L-functions.
(viii) Let (F, π, η, ψ) ∈ L(p) be tempered. Let Ppi,η(Z) be the polynomial in Z = q
−s
F
that has the same zeros as the rational function γ(s, π, r0⊠η, ψ) ∈ C(Z) and
has Ppi,η(0) = 1. Then
L(s, π, r0 ⊠ η) = Ppi,η(Z)
−1.
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Notice that twisted local L-functions are independent of the additive character ψ.
Proposition 7.2 of [34] applies to the Siegel Levi case for GSpin groups, since r = r1
is irreducible. Note that tempered representations of GLn(F ) are generic. We thus
have:
(ix) (Tempered representations). Let (F, π, η, ψ) ∈ L(p) be tempered, then L(s, π, r0⊠
η) is holomorphic for ℜ(s) > 0.
The next property gives the definition of tempered ε-factors.
(x) (Root numbers). Let (F, π, η, ψ) ∈ L(p) be tempered. Then there exists a
monomial ε(s, π, r0 ⊠ η, ψ) ∈ C(Z), such that
γ(s, π, r0 ⊠ η, ψ)L(s, π, r0 ⊠ η) = ε(s, π, r0 ⊠ η, ψ)L(1 − s, π
∨, r0 ⊠ η
−1).
We now turn towards twisted local L-functions and ε-factors for not necessarily
generic (F, π, η, ψ) ∈ L(p). Notice that every irreducible smooth representation π of
GLn(F ) is the Langlands quotient of a representation that is parabolically induced
from quasi-tempered representations.
(xi) (Langlands quotient). For i = 1, . . . , d, let (πi,0, η, ψ) ∈ L(p) be tempered.
Let τ be the representation of GLn(F ) parabolically induced from π1⊠· · ·⊠πd,
where πi = |·|
si
F πi,0 and the si’s are real numbers with s1 > · · · > sd. Assume
that π is the unique Langlands quotient of τ . Then
L(s, π, r0 ⊠ η) =
d∏
i=1
L(s+ 2si, πi,0, r0 ⊠ η)
∏
i<j
L(s+ si + sj, πi,0 × (πj,0 · η)),
ε(s, π, r0 ⊠ η, ψ) =
d∏
i=1
ε(s + 2si, πi,0, r0 ⊠ η, ψ)
∏
i<j
ε(s + si + sj, πi,0 × (πj,0 · η), ψ),
where each ε(s, πi,0× (πj,0 ·η), ψ) and L(s, πi,0× (πj,0 ·η)) are Rankin-Selberg
L-functions and root numbers.
4. Proof of Theorem 3.1.1
4.1. The generic case. Recall that G = GSpinm with m = 2n + 1 or 2n. Let M
be the Siegel Levi subgroup of G corresponding to ∆ − {αn}. We first deal with
the case of a generic quadruple (F, π, η, ψ) ∈ L(p). The representation π lifts to a
representation τ = π ⊠ η−1 of M →֒ G. When (F, π, η, ψ) ∈ L(p) is spherical, we
have
π →֒ ind
GLn(F )
Bn
(χ1 ⊠ · · ·⊠ χn), (4.1)
with the χ1, . . . , χn unramified characters of F
×. Up to conjugacy in GLn(C), the
Satake classification gives
π ←→ diag(χ1(̟F ), . . . , χn(̟F )).
Then, the Langlands parameter for the representation τ corresponds to the diagonal
matrix
diag(χ1(̟F ), . . . , χn(̟F ), χ
−1
n (̟F )η(̟F ), . . . , χ
−1
1 (̟F )η(̟F ))
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of LG0 = GSp2n(C), if m = 2n+1, or
LG0 = GSO2n(C), if m = 2n. Let sim denote
the similitude character defining LG0. The adjoint action r of LM on Ln is then
r = (r0 ◦ ρn)⊠ sim
−1 as in (2.1). The Langlands-Shahidi local coefficient [31] leads
us to define
γ(s, τ, (r0 ◦ ρn)⊠ sim
−1, ψ) := Cχ(s, τ, w0). (4.2)
The results on the local coefficient of [29] over function fields, allow us to prove
all of the properties (i)–(vii) of the Theorem are satisfied for the LS twisted γ-
factors γ(s, τ, (r0 ◦ ρn) ⊠ sim
−1, ψ) in the generic case. Indeed, notice that r = r1
is irreducible and that given a quintuple (k, π, η, ψ, S) ∈ LS(p) we then obtain a
representation τ of M(Ak) from π ⊠ η
−1. We then have that the crude functional
equation, Theorem 5.14 of [op. cit.], reads
LS(s, τ, (r0◦ρn)⊠sim
−1) =
∏
v∈S
γ(s, τ, (r0◦ρn)⊠sim
−1, ψ)LS(1−s, τ, (r0◦ρ
∨
n)⊠sim),
giving us Property (vii) with the above definition of γ-factors. In Property (v), we
explicitly state the multiplicativity property of the local coefficient found in § 2 of
[op. cit.]. For the relation with Artin γ-factors, let (F, π, η, ψ) ∈ L(p) spherical of
degree n. Multiplicativity helps us study the case of a principal series representation,
where π is given by (4.1), with the χi’s not necessarily unramified. In this case we
obtain
γ(s, τ, (r0 ◦ ρn)⊠ sim
−1, ψ) =
n∏
i=1
γ(s, τi, (r0 ◦ ρni)⊠ sim
−1, ψ)
∏
i<j
γ(s, χiχjη, ψ),
(4.3)
where the γ-factors γ(s, χiχjη, ψ) are abelian γ-factors of Tate’s thesis. Thus reduc-
ing the proof of Property (iii) to the case of n = 1. The approach taken in [28] can
be used to complete the proof of this and the remaining properties. For example,
Section 3 of [op. cit.] for generalized spin groups gives the following equalities for
degree 1 quadruples (χ, η, ψ) ∈ L(p) in terms of abelian γ-factors:
γ(s, τ, (r0 ◦ ρ1)⊠ sim
−1, ψ) =
{
γ(s, χ2η, ψ) if G = GSpin3
1 if G = GSpin2
.
4.2. The general case. Next, we address the case of a not necessarily generic
quadruple (F, π, η, ψ) ∈ L(p). In this generality, we have that π is the unique
Langlands quotient J(ξ) of a representation ξ of the form
ξ = ind
GLn(F )
Pn
(π1 ⊠ · · · ⊠ πd). (4.4)
Here, Pn = GLn1 × · · ·×GLnd and each πi, 1 ≤ i ≤ d, is a representation of GLni(F )
of the form |det(·)|siF πi,0 with s1 > · · · > sd and each πi,0 tempered. We then have
γ(s, τ, (r0 ◦ ρn)⊠ sim
−1, ψ) (4.5)
=
d∏
i=1
γ(s+ 2si, τi, (r0 ◦ ρni)⊠ sim
−1, ψ)
∏
i<j
γ(s + si + sj, πi × (πj · η), ψ).
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This addresses case (b) of Property (v). Finally, the rule γ on L(p) defined by
γ(s, π, r0 ⊠ η, ψ) := γ(s, τ, (r0 ◦ ρn)⊠ sim
−1, ψ) satisfies properties (i)–(vii).
For uniqueness, let γ be a rule on L(p) satisfying the hypothesis of the theorem.
Given (F, π, η, ψ) ∈ L(p), Properties (v) and (vi) give that γ(s, π, r0⊠η, ψ) depends
only on the supercuspidal content of π (see Remark 2.3 of [20]). Fix a supercuspidal
quadruple (F, π, η, ψ) of L(p). Theorem 3.1 of [20] gives a global field k, a cuspidal
automorphic representation ξ = ⊗ ξv of GLn(Ak) such that: ξ0 ≃ π and ξv, v 6= 0 is
a subquotient of a principal series representation. Applying the Grundwald-Wang
theorem of class field theory gives us a Gro¨ssencharakter ν = ⊗νv such that ν0 ≃ η.
We then have a quintuple (k, ξ, ν, φ, S) ∈ LS(p), by taking an arbitrary non-trivial
character φ = ⊗φv of Ak/k. The above discussion leading towards (4.3) shows that
Property (v.a) reduces the study of γ(s, ξv, r0⊠νv, φv) for v 6= 0 to abelian γ-factors,
which are uniquely determined. Also, partial L-functions are uniquely determined
by the formulas of Remark 3.1.2. The functional equation for (k, ξ, ν, φ, S) ∈ LS(p)
reads
LS(s, ξ, r0⊠ν) = γ(s, ξ0, r0⊠ν0, φ0)
∏
v∈S−{0}
γ(s, ξv, r0⊠νv, φv)L
S(1−s, ξ∨, r0⊠ν
−1).
Properties (i) and (ii) now give that γ(s, ξ0, r0⊠ν0, φ0) = γ(s, π, r0⊠η, φ0). Finally,
by Property (iv) we can uniquely determine γ(s, π, r0 ⊠ η, ψ) from the uniquely
determined γ(s, π, r0 ⊠ η, φ0). 
5. Compatibililty of the twisted local factors with the local
Langlands correspondence and stability
In this section, we prove the compatibility of the twisted local factors with the
local Langlands correspondence in positive characteristic of [26] and deduce an im-
portant stability property of the γ-factors under twists by highly ramified characters.
5.1. Equality with Artin factors. Let G be the class consisting of quadruples
(F, σ, η, ψ), where: F is a non-archimedean local field; σ is an n-dimensional Frob-
semisimple Weil-Deligne representation; η is a character of WF ; and, ψ is a non-
trivial additive character of F . Given a prime number p, we denote G(p) the subclass
of G whose objects are quadruples (F, σ, η, ψ) with char(F ) = p.
We have a rule γ on G which assigns a rational function γ(s, σ, r0⊗ η, ψ) to every
quadruple (F, σ, η, ψ) ∈ G, defined by
γ(s, r0(σ)⊗ η, ψ) := ε(s, (r0 ◦ σ)⊗ η, ψ)
L(1− s, (r0 ◦ σ
∨)⊗ η−1)
L(s, (r0 ◦ σ)⊗ η)
, (5.1)
where the Artin L-functions and root numbers on the right half side are those defined
by Deligne and Langlands [36].
Consider the morphism
L
LLC
−−−−→ G
taking (F, π, η, ψ) to (F, σ, η, ψ) via the local Langlands correspondence. More pre-
cisely, we let σ = σ(π) be the Weil-Deligne representation corresponding to π under
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the local Langlands correspondence [14, 15, 26]; we identify the character η of F×
with a character of WF via local class field theory; and ψ remains unchanged.
Theorem 5.1.1. The morphism
L(p)
LLC
−−−−→ G(p)
preserves twisted exterior and symmetric square local factors. More precisely, let
LLC : (F, π, η, ψ) 7→ (F, σ, η, ψ), then
γ(s, π, r0 ⊠ η, ψ) = γ(s, (r0 ◦ σ)⊗ η, ψ),
L(s, π, r0 ⊠ η) = L(s, (r0 ◦ σ)⊗ η)
ε(s, π, r0 ⊠ η, ψ) = ε(s, (r0 ◦ σ)⊗ η, ψ).
Proof. The morphism LLC allows us to define a rule γGal on L(p) by setting
γGal(s, π, r0 ⊠ η, ψ) := γ(s, (r0 ◦ σ(π))⊗ η, ψ),
for every (F, π, η, ψ) ∈ L(p), where the γ-factors on the right are the Artin fac-
tors defined by equation (5.1). The approach is to apply the uniqueness part of
Theorem 3.1, in order to conclude that
γ(s, π, r0 ⊠ η, ψ) = γ
Gal(s, π, r0 ⊠ η, ψ).
First, notice that the γ-factor γ(s, (r0 ◦σ(π))⊠η, ψ) depends only on the underlying
Weil representation of the Weil-Deligne representation σ = σ(π), in addition to the
character η. Hence, we are reduced to representations of the Weil group. Artin
factors depend only on the isomorphism class of σ and are compatible with class
field theory, that is γGal satisfies Property (ii) of Theorem 3.1. Properties (i) and
(iii) are immediate. Formulas 3.4.4 and 3.4.5 of [36] gives Properties (iv) and (vi).
Multiplicativity follows from the property
r0(σ ⊕ τ)⊗ η = (r0(σ)⊗ η)⊕ (r0(τ)⊗ η)⊕ (σ ⊗ (τ ⊗ η))
of twisted exterior and symmetric square representations, which gives
γ(s, r0(σ ⊕ τ)⊗ η, ψ) = γ(s, r0(σ)⊗ η, ψ)γ(s, r0(τ)⊗ η, ψ)γ(s, σ ⊗ (τ ⊗ η), ψ).
Finally Artin factors satisfy a global functional equation. An important point here
is that the global Langlands correspondence for GLn over function fields [25] is
compatible with the local Langlands correspondence (see § 15.3 of [26]). Thus
properties (i)–(vii) are satisfied.
To conclude, we point out that the local Langlands correspondence for GLn is
compatible with the above construction of L-functions and ε-factors from the tem-
pered case (see for example [16]). Hence, local L-functions and ε-factors are pre-
served. 
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5.2. Stability of γ-factors. We now turn towards an interesting question in the
Langlands-Shahidi method, that of stability of γ-factors under twists by highly
ramified characters. We note that several important cases are proved in [5] under
certain geometric conditions for orbital integrals, due to the connection between the
local coefficient and Bessel models. However, the Siegel Levi case of GSpin groups
falls in a different category. In positive characteristic, thanks to the compatibility
with LLC : L(p)←→ G(p), we can give a simple proof:
Proposition 5.2.1. (Stability). Let (F, πi, η, ψ) ∈ L(p), i = 1, 2, be such that
ωpi1 = ωpi2 and η is highly ramified. Then
γ(s, π1, r0 ⊠ η, ψ) = γ(s, π2, r0 ⊠ η, ψ).
Proof. For each i = 1, 2, let the map LLC take the quadruple (F, πi, η, ψ) to
(F, σi, η, ψ). From the proof of Theorem 5.1.1, we have that
γ(s, πi, r0 ⊠ η, ψ) = γ
Gal(s, σi, r0 ⊠ η, ψ).
The main result of [10] shows that there is an element c = c(η, ψ) ∈ F×, such that
ψc(x) = η(1 + x) for x ∈ p[k/2]+1, and
γGal(s, σi, r0 ⊠ η, ψ) = det(r0 ◦ σi(c))
−1 γ(s, η, ψ)
n±1
2 .
The condition ωpi1 = ωpi2 gives det(r0 ◦ σ1(c)) = det(r0 ◦ σ2(c)). 
Remark 5.2.2. The results of [18] can be applied directly to give a weaker statement
of stability requiring η2 to be highly ramified (see § 4.4 of [19]). What we have
provided here is the full stability property of twisted exterior and symmetric square
γ-factors.
6. Compatibility of the twisted symmetric and exterior square
factors with the Deligne-Kazhdan correspondence
In [12], the first author showed that the Langlands-Shahidi local coefficient is
compatible with the Deligne-Kazhdan theory for sufficiently close local fields. The
results of [12] hold true for local coefficients associated to generic representations of
Levi subgroups of a split reductive group. In this section, we will first briefly review
the Deligne-Kazhdan correspondence from [9, 22]. Since the twisted γ-factor on the
analytic side is defined via the local coefficient (Equation 4.2), we apply the results
of [12] to deduce the compatibility of the twisted symmetric and exterior square
local factors with the Deligne-Kazhdan correspondence.
Recall that two non-archimedean local fields F and F ′ are m-close if OF /p
m
F
∼=
OF ′/p
m
F ′ . Note that given a local field F
′ of characteristic p and an integer m ≥ 1,
there exists a local field F of characteristic 0 such that F ′ is m-close to F . We just
have to choose the field F to be ramified enough.
6.1. Deligne’s theory. In [9], Deligne proved that if F and F ′ are m-close, then
Gal(F¯ /F )/ImF
∼= Gal(F¯ ′/F ′)/ImF ′ ,
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where F¯ is a separable algebraic closure of F , IF is the inertia subgroup and I
m
F
denotes the m-th higher ramification subgroup of IF with upper numbering. This
gives a bijection
{Cont., complex, f.d. representations of Gal(F¯ /F ) trivial on ImF }
Delm←→ {Cont., complex, f.d. representations of Gal(F¯ ′/F ′) trivial on ImF ′}.
Furthermore, he proved that the Artin L- and ǫ-factors are preserved under Delm
(Check for Proposition 3.7.1 of [9]). Let us recall this result in the context of the
twisted symmetric and exterior square factors. To state it precisely, let us first
introduce some notation.
Given m ≥ 1, let Gm be the subclass of G whose objects consist of quadruples
(F, σ, η, ψ) where: F is a non-archimedean local field, depth(σ) < m, depth(η) < m
and ψ is a non-trivial additive character of F . Note that depth(σ) < m implies that
σ is trivial on ImF .
Definition 6.1.1. Let (F ′, σ′, η′, ψ′) ∈ Gm. We say that the quadruple (F, σ, η, ψ) ∈
G is Delm-associated to (F
′, σ′, η′, ψ′) if:
(a) F ′ is m-close to F ,
(b) σ′ = Delm(σ),
(c) η corresponds to η′ via the isomorphism F×/(1 + pmF )
∼= F ′×/(1 + pmF ′),
(d) With k := cond(ψ′), ψ satisfies:
cond(ψ) = k,
ψ|
p
k−m
F
/pk
F
= ψ′|
p
k−m
F ′
/pk
F ′
.
We then have the following proposition.
Proposition 6.1.2 (Proposition 3.7.1 of [9]). Let m ≥ 1 and let r0 = Sym
2
or ∧2. Let (F ′, σ′, η′, ψ′) ∈ Gm. For each (F, σ, η, ψ) that is Delm-associated to
(F ′, σ′, η′, ψ′), we have
γ(s, (r0 ◦ σ)⊗ η, ψ) = γ(s, (r0 ◦ σ
′)⊗ η′, ψ′),
L(s, (r0 ◦ σ)⊗ η) = L(s, (r0 ◦ σ
′)⊗ η′)
ε(s, (r0 ◦ σ)⊗ η, ψ) = ε(s, (r0 ◦ σ
′)⊗ η′, ψ′).
6.2. Kazhdan’s theory. Let G be a split, connected reductive group defined over
Z and let G := G(F ). For the remainder of this section we use the following notation:
For an object X associated to the field F , we will use the notation X ′ to denote
the corresponding object over F ′. In [22], Kazhdan proved that given m ≥ 1, there
exists l ≥ m such that if F and F ′ are l-close, then there is an algebra isomorphism
Kazm : H(G,Km)→ H(G
′,K ′m), where Km is the m-th usual congruence subgroup
of G(OF ). (In fact, this result holds with l = m. Cf. Corollary 4.15 of [12]). Hence,
when the fields F and F ′ are sufficiently close, we have a bijection
{Irreducible, admissible representations (π, V ) of G such that πKm 6= 0}
←→ {Irreducible, admissible representations (π′, V ′) of G′ such that π′K
′
m 6= 0}.
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A variant of the Kazhdan isomorphism is now available for split reductive groups.
More precisely, withG as above, a presentation has been written down for the Hecke
algebra H(G, Im), where Im is the m-th Iwahori filtration subgroup of G (cf. [21]
for GLn and [12] for any split reductive group). It has then been shown that when
F and F ′ are m-close,
H(G, Im) ∼= H(G
′, I ′m) (6.1)
(cf. [27] for GLn and [12] for any split reductive group). This gives rise to a bijection
{Irreducible, admissible representations (π, V ) of G such that πIm 6= 0} (6.2)
κm←→ {Irreducible, admissible representations (π′, V ′) of G′ such that π′Im′ 6= 0}.
6.3. Compatibility of twisted symmetric and exterior square factors over
close local fields. In [12], this variant of the Kazhdan isomorphism (Equation 6.1)
was used to study the Langlands-Shahidi local coefficients over close local fields. In
this section, we will apply Theorem 6.5 of [12] to deduce the analogue of Proposition
6.1.2 above on the analytic side.
Given m ≥ 1, let Lm be the subclass of L whose objects consist of quadruples
(F, π, η, ψ) where: F is a non-archimedean local field, depth(π) < m, depth(η) < m
and ψ is a non-trivial additive character of F . Note that by Lemma 8.2 of [12],
depth(π) < m =⇒ πIm+1 6= 0,
Definition 6.3.1. Let l ≥ m + 1 and let (F ′, π′, η′, ψ′) ∈ Lm. We say that the
quadruple (F, π, η, ψ) is Kazl-associated to (F
′, π′, µ′, ψ′) if:
(a) F ′ is l-close to F ,
(b) π′ = κl(π),
(c) η corresponds to η′ via the isomorphism F×/(1 + pl) ∼= F ′×/(1 + p′l),
(d) With k := cond(ψ′), ψ satisfies:
cond(ψ) = k, (6.3)
ψ|
p
k−l
F
/pk
F
= ψ′|
p
k−l
F ′
/pk
F ′
.
Remark 6.3.2. Note that given any (F ′, π′, η′, ψ′) ∈ L(p), there exists an integer
l and a quadruple (F, π, η, ψ) ∈ L (with char(F ) = 0) that is Kazl-associated to
(F ′, π′, η′, ψ′).
We then have the following proposition.
Proposition 6.3.3. Let n ≥ 2 andm ≥ 1. Let r0 = Sym
2 or ∧2. Let (F ′, π′, η′, ψ′) ∈
Lm. There exists l = l(n,m) ≥ m+1 such that for any (F, π, η, ψ) ∈ L that is Kazl-
associated to (F ′, π′, η′, ψ′), we have
L(s, π, r0 ⊠ η) = L(s, π
′, r0 ⊠ η
′)
γ(s, π, r0 ⊠ η, ψ) = γ(s, π
′, r0 ⊠ η
′, ψ′)
ǫ(s, π, r0 ⊠ η, ψ) = ǫ(s, π
′, r0 ⊠ η
′, ψ′).
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Proof. This proposition is a consequence of Theorem 6.5 of [12] (and the argument
below is similar to Theorem 8.6 of [12]). Let us first deal with the γ-factor for a
generic quadruple (F ′, π′, η′, ψ′). Using Property (iv) of Theorem 3.1.1, we may
and do assume that cond(ψ) = 0 (Here note that if ψ ↔ ψ′ as in Equation 6.3,
then ψa ↔ ψ′a
′
where a′ corresponds to the image of a under the isomorphism
F×/(1 + pl) ∼= F ′×/(1 + p′l)). For each l ≥ m + 1 and each (F, π, η, ψ) ∈ Lm
that is Kazl-associated to (F
′, π′, η′, ψ′) we have, by Corollary 5.5 of [12], that the
quadruple (F, π, η, ψ) is also generic. Let W (π, χ) denote the Whittaker model of π
(where χ is as in Section 2.5). Let G = GSpin2n+1 for r0 = Sym
2 and G = GSpin2n
for r0 = ∧
2, and let Im be the m-th Iwahori filtration subgroup of G. We show that
there exists an l = l(n,m) ≥ m+ 1, depending only on n and m, such that
• Theorem 8.6 of [12] holds,
• V Il∩GLn(F ) 6= 0,
• There exists v0 ∈ V
Il∩GLn(F ) with Wv0(e) 6= 0.
Using Theorem 2.3.6.4 of [8], it is easy to see that
cond(π) ≤ n2 depth(π) + n2 ≤ n2m+ n2.
Let v0 be the essential vector of the representation π as in Theorem 2 of [4] and
let Wv0 ∈ W (π, ψ) be the corresponding Whittaker function. This vector has the
property that Wv0(e) 6= 0 (Cf. Proposition 1 of [4]). Set m1 = n
2m + n2. Since
cond(π) ≤ m1, this vector lies in
Kn(m1) =
{(
A b
c d
)
∈ GLn(O) : A ∈ GLn−1(O), c ≡ 0mod p
m1
F , d ≡ 1mod p
m1
F
}
.
Since Im1 ∩GLn(F ) ⊂ Kn(m1), we see that v0 ∈ V
Im1∩GLn(F ). Let l ≥ n2m+n2+4
be large enough so that Theorem 8.6 of [12] holds (This theorem is needed for
Equation 6.5 below). Then by Theorem 6.5 of [12] and we obtain that for any
(F, π, η, ψ) that is Kazl-associated to (F
′, π′, η′, ψ′),
γ(s, π, r0 ⊠ η, ψ) = γ(s, π
′, r0 ⊠ η
′, ψ′). (6.4)
This finishes the case of a generic quadruple (F ′, π′, η′, ψ′).
The γ-factor in the non-generic case is defined using the Langlands classification
in Equation 4.5. Write π′ = J(ξ′) where
ξ′ = ind
GLn(F ′)
P ′n
(π′1 ⊠ · · ·⊠ π
′
d).
with each π′i quasi-tempered as before. Then depth(π
′) = depth(π′1 ⊠ · · · ⊠ π
′
d)
by Theorem 5.2 of [30]. Now, since temperedness, twists by unramified characters
and normalized parabolic induction are all compatible with the Deligne-Kazhdan
correspondence (Cf. Section 5 of [12]), we in fact obtain that π = J(ξ) where
ξ = ind
GLn(F )
Pn
(π1 ⊠ · · · ⊠ πd).
with πi ↔ π
′
i via κl of Equation 6.2. Now, by Theorem 8.6 of [12], we have
γ(s, πi × (πj · η), ψ) = γ(s, π
′
i × (π
′
j · η
′), ψ′). (6.5)
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(Check [13] and [3] for other proofs of the above equality). Combining these obser-
vations with Equation 6.4 and Equation 4.5, the equality of γ-factors follows for a
not-necessarily generic quadruple (F ′, π′, η′, ψ′).
The L-function is first defined for tempered representations via the γ-factor, and
then extended to the general case via the Langlands classification (Cf. Section 3.2).
Hence the equality of L-functions over close local fields follows from the above. Since
the root numbers are defined using L-functions and γ-factors, the equality of root
numbers over close local fields also follows from the above. 
7. Plancherel measures
In this section, we will express the Plancherel measure associated to representa-
tions of the Siegel Levi subgroups over local function fields in terms of the γ-factors
described in Theorem 3.1.1, and then deduce their compatibility with the Deligne-
Kazhdan correspondence.
7.1. Plancherel measures and γ-factors. We let (G,M) = (GSpinm,GLn×GL1)
withm = 2n+1 or 2n. Let F be a non-archimedean local field. Given (F, π, η, ψ) ∈ L
generic, let τ be the representation of M obtained from π ⊠ η−1. The definition of
Plancherel measure was recalled in Section 2.5, where ρ,w0, γw0(G/P ) are intro-
duced.
Proposition 7.1.1. Let (F, π, η, ψ) ∈ L and let τ be obtained from π⊠η−1 as above.
Let r0 = Sym
2 if G = GSpin2n+1 and r0 = ∧
2 if G = GSpin2n. Then
γw0(G/P )
−2µ(s, τ, w0) = γ(s, π, r0 ⊠ η, ψ)γ(−s, π
∨, r0 ⊠ η
−1, ψ¯) (7.1)
= γ(s, (r0 ◦ σ)⊠ η, ψ)γ(−s, (r0 ◦ σ
∨)⊠ η−1, ψ¯).
Proof. With the notation of § 2.5, we have a composition of intertwining operators
I(−s,w0(π ⊠ η
−1))
A(−s,w0(pi⊠η−1),w˜
−1
0 )−−−−−−−−−−−−−−→ I(s, π ⊠ η−1)
A(s,pi⊠η−1,w˜0)
−−−−−−−−−→ I(−s,w0(π ⊠ η
−1)).
Then
γw0(G/P )
−2µ(s, π ⊠ η−1, w0) = Cχ(s, π ⊠ η
−1, w˜0)Cχ(−s,w0(π ⊠ η
−1), w˜−10 ),
follows by twice applying equation (2.2).
First assume π is supercuspidal. Then π = |det(·)|−s0F π0, with π0 unitary. We
have that
Cχ(−s,w0(π ⊠ η
−1), w˜−10 ) = Cχ(−s− 2s0, w0(π0 ⊠ η
−1), w˜−10 )
Then we can apply Proposition 3.1.3 of [31] and Lemma 3.1 of [33] for unitary π0,
and we see that
Cχ(−s,w0(π ⊠ η
−1), w˜−10 ) = Cχ¯(−s, π
∨
⊠ η, w˜0).
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Using Equation 4.2, we obtain that
γw0(G/P )
−2µ(s, π ⊠ η−1, w0)
= γ(s, π ⊠ η−1, (r0 ◦ ρn)⊠ sim
−1, ψ)γ(s, π∨ ⊠ η, (r0 ◦ ρn)⊠ sim
−1, ψ¯)
= γ(s, π, r0 ⊠ η, ψ)γ(−s, π
∨, r0 ⊠ η
−1, ψ¯)
Next, suppose that
π →֒ ind
GLn(F )
Pn
(π1 ⊠ · · ·⊠ πd),
where each πi, 1 ≤ i ≤ j, is supercuspidal. We then have what is known as Lang-
lands lemma, although we use Shahidi’s algorithmic proof (Lemma 2.1.2 of [31]),
to decompose Weyl group elements and the corresponding unipotent radicals. This
gives
w˜0 =
∏
i

∏
j<i
w˜i,j

 w˜i and δw0(G/P ) =∏
i
∏
j<i
δ(Gi/Pi)wiδ(Gi,j/Pi,j)wi,j ,
and obtain a factorization of the intertwining operators, Theorem 2.1.1 of [31]. This
allows us to prove
A(s, τ, w˜0)A(−s, w˜0(τ), w˜
−1
0 ) =
∏
i
A(s, τi, w˜i)A(−s, w˜i(τi), w˜
−1
i ) (7.2)
×
∏
j<i
A(s, τi,j, w˜i,j)A(−s, w˜i,j(τi,j), w˜
−1
i,j ) .
Here, τi is the representation πi ⊠ η
−1 of Mi = GLni(F ) × GL1(F ) →֒ Gi =
GSpinni(F ). For the representations τi,j, we let Mi,j be the Levi subgroup of
Gi,j = GSpinni+nj corresponding to θi,j = ∆\
{
αni , αni+nj
}
; then τi,j is the repre-
sentation of Mi,j lifted from (πi ⊠ π
∨
j )⊠ η
−1 of (GLni(F )×GLnj (F ))×GL1(F ) →֒
Gi,j = GLni+nj(F ) × GL1(F ) →֒ GSpinni+nj (F ). The Weyl group elements are
wi = wl,Giwl,Mi and wi,j = wl,Gi,jwl,Mi,j . Then, equation (7.2) leads to
δ−2w0 (G/P )µ(s, τ, w˜0) = δ
−2
w0 (G/P )
∏
i
µ(s, τi, w˜i)
∏
j<i
µ(s, τi,j, w˜i,j), (7.3)
where we have equation (7.1) for each µ(s, τi, w˜i). Furthermore, we have that
µ(s, τi,j, w˜i,j) = µ(s, πi× (πj · η), w˜
′
0). Plancherel measures for general linear groups
and the Langlands-Shahidi local coefficient are explored in [32], the connection to
Rankin-Selberg γ-factors in characteristic p can be made through the results of [20].
For general not necessarily generic (F, π, η, ψ) ∈ L, let π obtained as in Prop-
erty (xi) of § 4 from the representation of GLn(F ) parabolically induced from
π1 ⊠ · · · ⊠ πd, with each πi = |·|
si
F πi,0 and πi,0 is tempered. We first extend equa-
tion (7.3) to the case when π is a discrete series representation, and then the tem-
pered case; we omit the details. Plancherel measures in general satisfy
δ−2w0 (G/P )µ(s, τ, w˜0) = δ
−2
w0 (G/P )
∏
i
µ(s+ 2si, τi, w˜i)
∏
j<i
µ(s+ si + sj, τi,j, w˜i,j),
where the definition is compatible with that of γ-factors on L.
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The first equality of equation (7.1) is possible in characteristic 0 thanks to Corol-
lary 3.6 of [34] and is now a consequence of Theorem 3.1.1 of this article for local
function fields. With respect to the second equality of Equation 7.1 for local fields
of characteristic 0, we follow the ingenious observation made in the proof of Propo-
sition 9.2 of [11]. More precisely, Henniart [17] proved that, in characteristic 0, the
LLC preserves the twisted exterior and symmetric square γ-factors up to a root of
unity α, that is
γ(s, π, r0 ⊠ η, ψ) = α γ(s, (r0 ◦ σ)⊗ η, ψ).
Then the key observation is that
γ(s, π, r0 ⊠ η, ψ)γ(−s, π
∨, r0 ⊠ η
−1, ψ¯) =
γ(s, π, r0 ⊠ η, ψ)
γ(1− s, π, r0 ⊠ η, ψ)
(Equation 3.10 of [34])
=
α γ(s, (r0 ◦ σ)⊗ η, ψ)
αγ(1 − s, (r0 ◦ σ)⊗ η, ψ)
= γ(s, (r0 ◦ σ)⊗ η, ψ)γ(−s, (r0 ◦ σ
∨)⊗ η−1, ψ¯).
This proves the second equality of Equation 7.1 for local fields of characteristic 0.
For local function fields, this second equality is a consequence of Theorem 5.1.1. 
7.2. Transfer of Plancherel measures. Having expressed the Plancherel mea-
sure in terms of the γ-factors, we obtain the following corollary on the equality of
Plancherel measures over close local fields. More precisely,
Corollary 7.2.1. Let n ≥ 2 and m ≥ 1. Let r0 = Sym
2 or ∧2. Let (F ′, π′, η′, ψ′) ∈
Lm. There exists l = l(n,m) ≥ m + 1 such that for any (F, π, η, ψ) ∈ L that is
Kazl-associated to (F
′, π′, η′, ψ′), we have
µ(s, π ⊠ η−1, w0) = µ(s, π
′
⊠ η′−1, w0),
Proof. This is a consequence of Proposition 7.1.1 and Proposition 6.3.3. We can also
deduce this by combining Proposition 7.1.1 and Proposition 6.1.2 of this article with
Theorem 8.7 of [12]. A direct proof of this equality, without involving the γ-factors,
can be found in Section 7 of [12]. 
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